ON THE RAMIFICATION OF MODULAR 
PARAMETRIZATIONS AT THE CUSPS 



FRANCOIS BRUNAULT 

Abstract. We investigate the ramification of modular parametriza- 
tions of elliptic curves over Q at the cusps. We prove that if 
the modular form associated to the elliptic curve has minimal 
level among its twists by Dirichlet characters, then the modular 
parametrization is unramified at the cusps. The proof uses Bush- 
nell's formula for the Godement-Jacquet local constant of a cusp- 
idal automorphic representation of GL(2). We also report on nu- 
merical computations indicating that in general, the ramification 
index at a cusp seems to be a divisor of 24. 

Let E/Q be an elliptic curve of conductor N. It is known [3 J that 
E admits a modular parametrization, in other words a non-constant 
morphism (p : Xq(N) -* E defined over Q. By the Riemann-Hurwitz 
formula, the morphism <p necessarily ramifies as soon as the genus of 
Xq(N) is at least 2, and we may ask whether these ramification points 
have interesting properties. In this direction, Mazur and Swinnerton- 
Dyer discovered a link between the analytic rank of E and the number 
of ramification points of (p on the imaginary axis [llj. Further results 
and numerical examples were obtained by Delaunay [7j. 

In this article, we consider the following problem. 

Problem 0.1. Compute the ramification index e v (x) of tp at a given 
cusp x e X (N)(C). 

Let uje be a Neron differential form on E. Its pull-back ip*u)E is 
a rational multiple of Uf E = 2nifE(z)dz, where is the newform of 
weight 2 on T (N) associated to E. It follows that e v (x) = 1 + ord x u>f E 
depends only on and not on ip. We prove the following result. 

Theorem 0.2. Let f e ^(Tt^iV)) be a newform having minimal level 
among all its twists by Dirichlet characters. Then the differential form 
Uf = 27rif(z)dz doesn't vanish at the cusps of Xq(N). 

A newform having minimal level among its twists by Dirichlet char- 
acters is said to be minimal by twist. 

Corollary 0.3. If the newform associated to E is minimal by twist, 
then (p is unramified at the cusps. 
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If N is squarefree, then all newforms of level iV are minimal by twist, 



and in this particular case, Theorem 0J2 follows easily by considering 
the action of Atkin-Lehner involutions. Thus modular parametrizations 
of semistable elliptic curves are always unramified at the cusps. 

For general N, determining the ramification index becomes more 
intricate and we proceed as follows. In £j2] we apply a formula of Merel 
which expresses the translate of a newform / as a linear combination 
of twists of / by Dirichlet characters. This enables us in $3] to reduce 



Theorem |0.2| to a purely local non- vanishing statement. We prove this 
non- vanishing in ^5]j6] using Bushnell's formula for the local constant of 
a cuspidal automorphic representation of GL(2), together with results 
of Loeffler and Weinstein on the cuspidal inducing data underlying such 
representations. 



Theorem 



report in §[7 



072] was suggested by numerical computations, which we 
Using Pari/GP [2], we estimated numerically the rami- 
fication indices at all cusps for all elliptic curves of conductor < 2000. 
This provided us with a list of 745 elliptic curves (up to isogeny) whose 
modular parametrization seemed to have at least one ramification point 
among the cusps. Using Magma [2j, we then checked that none of the 
corresponding modular forms was minimal by twist. In our examples, 
the ramification index always appears to be a divisor of 24. It seems 
interesting to find a general formula for this number in terms of /. 

I would like to thank Christophe Delaunay for helpful suggestions 
regarding this work. 

I. First properties of the ramification index 

Let / be a newform of weight 2 on T (N). For any x e X (iV)(C), 
we define &f{x) = 1 + ord x (u)f). 

Lemma 1.1. Let Q be a divisor of N such that (Q,^) = 1, and let 
Wq be the corresponding Atkin-Lehner involution of Xq(N). For every 
x e X (N)(C), we have ef(W Q (x)) = Cf{x). 

Proof. We have ordw Q ( x )(uf) - ord^ WXcOf) = ord x (u)f) since / is an 
eigenvector of Wq. □ 

Lemma 1.2. Let o e Aut(C) and let f a e S 2 (T (N)) be the new- 
form obtained by applying a to the coefficients of f . For every x e 
X (N)(C), we have e/(x) = ef<r(a(x)). 



Proof. This follows as in Lemma 1.1 from a*UJf = upr. □ 



Recall that the set of cusps of X (N) is given by r (A^)\P 1 (Q). 

Definition 1.3. The level of a cusp x of X (iV) is defined to be (b, N), 
where | e P X (Q) is any representative of x such that (a,b,N) = 1. 

Lemma 1.4. For any divisor d of N , the group Aut(C) acts transi- 
tively on the set of cusps of level d of Xq(N). 
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Proof. This is a consequence of [T3| Thm 1.3.1]. □ 

The action of Wq on the cusps can be described as follows. 

Lemma 1.5. Let N = QQ' with (Q,Q') = 1. Let d be a divisor of N. 
Write d = dqdQ* with do\Q and dQ*\Q' . Then Wq maps cusps of level 
d to cusps of level j- ■ dqr . 

Proof. Since Wq is defined over Q, it suffices to compute the level of 
the cusp Wq{\). Let u,v be two integers such that Qu-Q'v = 1. Then 

= { Q n q) (a) = = ! with a = % u+d Q' v and b = % +d Q'Q- 

We have (5, Q) = j- and (b,Q') = dQ> so that (b,N) = j- -d^. Since 
(a, ^L) = (a, dqi) = 1, it follows that (a, 6, N) = 1, whence the result. □ 

Let d be a divisor of N. By Lemma 1.5 there exists Q such that Wq 
maps cusps of level d to cusps of level 5 = (d, ^). Note that <5 2 |iV. In 
view of the previous lemmas, Theorem 0.2 is reduced to showing that 
if / is minimal by twist, then ef(h) = 1 for every d such that d?\N . 

We now make use of the following idea : studying the behaviour of 
/ at ^ amounts to studying the behaviour of f(z + at infinity. 

More precisely, define fd(z) = f(z + k)- A direct computation shows 
that if d 2 \N then f d £ Sift^N)). 

From now on, we fix an integer d > 1 such that d 2 \N and we define 
9d = W N (fd) = En>i b d>n q n e S 2 (T 1 (N)). 

Proposition 1.6. We have e.f{h) = niinjn > 1 : bd, n + 0}. 

Proof. The matrix M = ^=(\ } | ( ° "Me SL 2 (R) satisfies M(oo) = 



\ and /|M = g d . Since Af^ro^jM n^ Q ij = |o lj' a uniformiz - 

ing parameter at [k] e X (N)(C) is given by z exp(2mM~ 1 z). It 
follows that ordi ut = ord^ oj g . □ 

Note that e/(l) = e/(oo) = l. The case d = 2 is also easily treated. 

Proposition 1.7. 7/4|JV then e/(|) = 1. 

Proof. Since the Fourier expansion of / involves only odd powers of g, 
we have /(z + \) - -f(z), so that &f{\) = e/(0) = 1. □ 

2. Merel's formula 



In this section, we apply a formula of Merel [12] expressing the addi- 
tive translate of a newform as a linear combination of certain twists of 
this newform. The related problem of computing the Fourier expansion 
of a newform at an arbitrary cusp has also been studied by Delaunay 
in his PhD thesis [6j III. 2]. Although Delaunay's results apply in the 
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particular case considered here, we prefer to use Merel's formula since 
it does not assume that the newform is minimal by twist. 

Let us first recall the notations of [12]. Let <fi denote Euler's function. 
For any integer m > 1, let S m be the set of prime factors of m. For 
any Dirichlet character x '■ (Z/mZ)* -> C x , the Gauss sum of x is 
T (x) - Eae(z/mZ) x x(a)e 27r4a / m , and the conductor of x is denoted by 
m x . For any newform F of weight k > 2 on Ti(M) and for any prime 
p, let L p (F, X) = l- a p {F)X + a PtP (F)X 2 e C[X] be the inverse of the 
Euler factor of F at p. If T + and are finite sets of prime numbers, 
we define 



peT + \ I peT- 




There exists a unique newform F ® x °f weight k and level dividing 
lcm(M, m 2 ) such that a p (F ® %) = a p (F)x(p) for any prime p ^ Ej,f m . 
Using [El (5)] with £ = i we get ' ' 

(i) /, = E^|(/®x) [Ed ' Sd - E - ] 

where x runs through the primitive Dirichlet characters of conductor 
m x dividing d, and the polynomial P P (X) e C[X] is given by 




{a p (f)X) v p^ d l m x) otherwise. 



Since a p (f) = for p e £ d , the product over p in ([T]) vanishes unless 
(m x , — ) = 1 and — is squarefree. Let S'(d) be the set of primitive 



Dirichlet characters x sucn th & t m x\d-, (jn x -> ) = ^ anc ^ m ^ s sc L uare_ 
free. Taking into account ® x?^0 = 1 for p e £d/m x , we get 

(2) /d= e n -x(p))-(/®x) [s - 0] - 

From now on, we assume that / is minimal by twist. Then / ®x has 
level exactly N for every character x of conductor dividing d, so that 
(/ ® x)^ mx,e ^ = f ® X f° r every % € ^'(cf). 

Let S^gQ be the set of Dirichlet characters modulo g? induced by the 
elements of S'(d). If yf e induces x e 'S'(^); then 

r(x)=r( X ')- J! "^(P). 

P e2 d/m x 

Thus /d can finally be rewritten 

(3) /„- E ^-/»X. 
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We now apply Wn- We have Wjv(/ ® x) ~ w (f ® x) ' f ® X-> where 
w (f ® x) is the pseudo-eigenvalue of Wn at / ® x- It follows that 

(4) g d = £ ^4-^(/®x)-/®X- 

x *s(d) n a ) 

In particular, we get 

(5) &*» = ^JT £ r(x)-x(n)-«i(/8x) (»*!)• 

Note that = whenever (n, d) > 1, and that the inner sum in ([5]) 
depends only on n mod d. If n = 1, then (|5]) simplifies to 

(6) 6 *i = ^n E 

x eS(d) 



3. Reduction to a local computation 

In this section, we show that bd, n is a product of local terms de- 
pending only on the local automorphic representations associated to /, 
thereby reducing the non-vanishing of bd, n to a purely local question. 

The basic observation is that if d - p™ 1 . . . p™ k is the prime factoriza- 
tion of d, then we have a natural bijection S(d) = S^p™ 1 ) x ••• x S(p™ k ). 
Moreover S(p) (resp. S(p m ) with m > 2) is the set of Dirichlet charac- 
ters modulo p (resp. of conductor p m ). We will show that the summand 
in ^ decomposes accordingly as a product of local terms. We shift to 
the adelic language, which is more convenient for our purposes. 

Let Aq be the ring of adeles of Q. We view Dirichlet characters 
as characters of Aq/Q x as follows. We attach to x e S(d) the unique 
(continuous) character xa '■ Aq/Q x -> C x such that for any p E^, 
we have Xa{^ p ) = x(p)i where w p denotes a uniformizer of Q x c Aq. 
For any p e Ti d , we denote by Xv : Qp ~* C x the p-component of Xa- 
Letting m p = v p (d), we have x P (l + p mp Z p ) = 1. A word of caution is in 
order here : with the above convention, the induced map (Z/p m J>Z) x = 
Z x /(1 + p m pZ p ) -»■ C x is the inverse of the p-component of x- 

The level of a non-trivial additive character ip : Q p -> C x is the unique 
integer i e Z such that ker(^) = p e Z p . For any character if) : Q p -»• C x 
of level m p = v p (d), we define the local Gauss sum of x e S(d) at p by 

(7) r(x P ,ip)= Y, Xp(x)tfj(x). 

Lemma 3.1. For any n e (Z/c?Z) x , there exist characters ip' p '■ Qp C x 
of respective levels m p = v p (d) such that 

(8) r{x)-x{n)=Y\r{x P ^' P ) (x^S(d)). 



6 



FRANQOIS BRUNAULT 



Proof. Multiplying t(x) by xi n ) om y amounts to change the additive 
character in the definition of the Gauss sum of x- The lemma now 
follows from the Chinese remainder theorem. □ 

Let iTf be the automorphic representation of GL^Aq) associated 
to / [Till §2.1]. For any x e S(d), we have a canonical isomorphism 
TTf® x = X 71 "/) where the latter representation is g >-> XA(det g)iif(g). 
The L-function of iif® x satisfies a functional equation [HI Thm 11.1] 

(9) £(7T/® X > s ) = e (T/»x> s ) L ( 7r /®x> 1 ^ S )' 

Fix an additive character ip = Ylv^v '■ Aq/Q ->■ C x such that ip p has 
level one for every p e E^. By [9j §11], we have 

(10) e ( 7r /®x' s ) = 11 e ( 7r /®x,^ s > 

where t> runs through the places of Q, and itf® x , v denotes the local rep- 
resentation of f<B>x a t v - The quantity e(7Tf® X:V , s, ip v ) is the Godement- 
Jacquet local constant of / ® %. 

For any character x of Q x , we let x be the unique character of Q x 
such that x(p) = 1 an d x|z x = x|z x - The following proposition shows 
that w(f <8> x) can be written as a product of local constants. 

Proposition 3.2. There exist a constant CeC x and an element a e 
(Z/g?Z) x ; depending on f and ip but not on x, such that 

(11) w(f&x) = C-x(a) II € (XpXfj»i;,i(>p) (x^S(d)). 

Proof. Let L(f <S>x, s ) be the usual L-function of / <g> It relates to 
the automorphic L-function by L^rrj^, s - |) = (27r) _s r(s)L(/ ® x, s). 
Comparing (|9| with the usual functional equation yields 

(12) H/®x) = -A^e(vr /8x , S ). 

By [SI Thm 6.16], we have e(7if 0XjOO , ip^, s) = -1, so we get 

(13) w (f®x)= EI e ( 7r /«x,p»9>^p) = 11 e (Xp7r/, P) ^p)- 

It follows from the definition of the epsilon factor [5j §24.2] that there 
exists an integer b p e Z not depending on x P such that for every un- 
ramified character u p ■ Q x -> C x , we have 

(14) e(u p Xp7rf,p,s,^ p ) = u p {p bp )e{x P ^ /^s,^)- 

Choosing uj p such that u p x P = X P , and noting that YI p ^t, n 0J P (p bp ) - 
ripESjv Xp(p bp ) ma y be written x( a ) with a € (Z/dZ) x not depending 
on x, we get the result by taking C = Tl P ez N -x d ^f, P , h 1> P )- □ 

The map x ^ (Xp)p £ £ d provides a bijection S(d) = Y\ p ^ d S{p m v), 
where S(p m ) is the set of characters x : Q p ~^ C x such that x(p) = 1> 



RAMIFICATION OF MODULAR PARAMETRIZATIONS AT THE CUSPS 7 



x(l+p m Z p ) = 1 and x(l + p m ~ 1 Z p ) * 1 if m > 2. Putting together the 
formulas @, g and (|lT), we get 

C 1 

for some characters ip' p ■ Q p -> C x of respective levels m p = v p (d). 
Theorem (12 is thus reduced to the following purely local statement. 

Theorem 3.3. Fix a prime p such that p 2 \N, and let tt = tt^ p . Let 
m be an integer such that 1 < m < vp ^' . Then for any characters 
ip,ip' : Q p -> C x of respective levels 1 and m, we have 

(16) E T(x,^H X K,l,i>)*o. 



4. Cuspidal inducing data 

In this section we recall how the local automorphic representations 
7T/ iP with p 2 \N can be described in terms of cuspidal inducing data. 

Let p be a prime such that p 2 \N. Then tt = 7ry iP is an irreducible 
cuspidal representation of G = GL 2 (Q P ) PHI Prop. 2.8]. By the clas- 
sification theorem [5j 15.5,15.8], the representation tt is induced by a 
cuspidal datum : there exist a maximal compact-mod-center subgroup 
K of G, and an irreducible complex representation £ of K, such that 
tt = c-Ind^ £, where c-Ind denotes compact induction. 

Since tt has trivial central character, the restriction of £ to the center 
Z = Q x of G is trivial, and since K/Z is compact, £ is finite-dimensional. 
The contragredient of £ is defined by = ^(k^ 1 )* . Finally, note that 
Xtt = c-Ind^-(xO f° r an y character x : Qp C x . 

There are two maximal compact-mod-center subgroups of G up to 

conjugacy, namely K' = p z ■ GL 2 (Z P ) and K" = jj ■ ^ j. 

They are equipped with a canonical decreasing sequence of compact 
normal subgroups (K n ) n > , which are defined as follows. 

If K = K' then K Q = GL 2 (Z p ) and K n = 1 +p n M 2 (Z p ) for any n > 1. 
Note that K /K n = GL 2 (Z/p"Z). 

If K = K" then K = | ^ | and K n = 1 + <£™ for any n > 1, 



where 



'pZ p Z p > 
pZ p pZ p , 



The conductor r(£) of £ is the least integer r > 1 such that ^{K r ) = 1. 
The relation between the conductors of tt and £ is as follows jU A. 3]. 

In the unramified case v p (N) = 2n, we may take K = K' and r(£) = n, 
and we define c = p 1_n • J 2 e 
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In the ramified case v p (N) = 2n + 1, we may take K = K" and 

(0 -p~ n \ 
pl-n Q J e K. 

The proof of Theorem 3J3 relies on the following explicit formula, 
due to Bushnell, for the Godement-Jacquet local constant of tt. 

Theorem 4.1. 25.2 Thm] Let r > 1 be the conductor of £. // 
ij) '■ Q p -*■ C x is a character of level one, then 

(17) £ Htr(cx))i(cx)=p 2n e(n,l,ij)-id. 

We now express the sum of local constants appearing in Theorem 



3.3 in terms of £. 



Proposition 4.2. Let m be an integer such that 1 < m < Vp ^ . For 

any characters ■ Q p -»■ C x of respective levels 1 and m, the sum 

(18) E r( X ,f)e(x^l^) 

is the unique eigenvalue of the scalar endomorphism 

(19) £ il>(tr(cx))il>'(dBtx)i(cx). 

P xeK /K r(() 

Proof. Let r = r(£) and x 6 S(p m ). Since / is minimal by twist, we 
have r(xO = r an d Theorem 4.1 gives 

(20) £ ^(tr(cx))x(det(cx))e(cx)=p 2 " e (xvr,^)-id. 

Because det(c) is a power of p, we have x(det(c)) = 1. Multiplying the 
left hand side of (|20|) by t(x,iI>') and summing over x, we get 



E E x(vW(v) E V , (* r ( ca; ))x(det«)l(«c) 

xeS(p m ) ye(Z/p m Z) x xeK /K r 

(21) = E ^(tr(cx))|(cx) E ^(3/) E x(3/)x(detx). 

xaKo/Kr ye(Z/p m Z) x x^S(p m ) 

Let C(p m ) be the set of all Dirichlet characters modulo p m . For a € 
(Z/p m Z) x , the sum E xe q{£™) x( a ) equals p m_1 (j9- 1) if a = 1, and 
otherwise. So for m = 1, (21) simplifies to 

(22) (p-1) E ^(tr(ca;))^'(deta;)£(cx). 

xeKo/Kr 
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If m > 2 then S(p m ) = C(p m ) - C(p m - 1 ) so that (21) can be written 



P 



m— 1 



(p-1) Y i[)(tv(cx))i/;'(detx)£ i (cx) 



xeK()/K r 



(23) 



p 



m-2 



(p-1) £ ^(tr(cx)) £ f(y)\i(cx). 



XtK()/K r 



y=dctx (p m_1 ) 



Since ip' has level m, the inner sum over y vanishes. In all cases, this 
gives the proposition as stated. □ 



Remark 4.3. The formula (15), together with Proposition 4.2, provides 



an expression of bd, n purely in terms of the local components of iXf. 
This leads to an explicit formula for the Fourier expansion of / at an 
arbitrary cusp of Xq(N), and may be of independent interest. 

Definition 4.4. For any characters '■ Qp C x of respective levels 
1 and m, we define T(l;,ip,ip') to be the endomorphism 



(24) 



Y i/j(tr(cx))il>'(detx)£(x). 



In order to establish Theorem 3.3, it suffices, thanks to Proposition 



4.2 , to show that T(£, ip, ip') + 0. We prove this in the following sections, 



distinguishing the unramified and ramified cases. 



5. The unramified case 

In this section we assume v p (N) = 2n with n > 1, so that c = p l ~ n • If 
Note that ^(tr(cx)) = %l)(p l ~ n trx) and a h> ip(p l ~ n a) is a character of 
level n. So we fix characters '■ Q p -»■ C x of respective levels n,m 
with 1 < m < n, and we wish to prove that 

(25) T(£,V,V') : = Y iJ>(trxW(detx)i(x) 

xeGL 2 (Z/p™Z) 

is non-zero. Assuming the contrary, for every y e GL2(Z/p n Z) we have 
= T(f , ij, ^OCV 1 ) = Y ^(tr x)i/;'(det x)£(xy- 1 ) 

x'eGL 2 (Z/p"Z) 

Y ip(tr(xy))il)'(det(xy))i(x). 

xeGL 2 (Z/p n Z) 

Taking y = (J with t e Z/p n Z and writing x = f^J ^j, we have 
tr(xy) - tr(x) + jt. So summing over t, we get 

(26) Y ■ip(trx)tp'(detx)^(x) = 

xeB 
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where B is the subgroup of upper-triangular matrices in GL2(Z/p n Z). 
Multiplying similarly on the left by lower-triangular matrices, we get 



(27) 



Y ip(a + d)ip'{ad)^ \ 

a,de(Z/p n Z) x 







d- 



0. 



We now make use of the existence of a new vector for tc. More 
precisely, let V be the space of £. By a result of Loeffler and Weinstein 
PHI Thm 3.6], there exists v 6 V - {0} which is fixed by all diagonal 

matrices of K. Evaluating (27) at £ |j ^jt> with b e Z/p n Z, we get 
(28) 



Y ip(a + d)il)'(ad)^ 

a,de(Z/p n Z) x 



'1 crW 
1 , 



v = (6eZ/p n Z). 



We will need further results about £, for which we refer the reader 

to PUJ Thm 3.6] and its proof. The restriction of £ to iV = |j 

is isomorphic to the direct sum of the additive characters of Z p of 
level n. Since Nv spans V, the components of v with respect to this 
decomposition are nonzero. In particular, taking the -^-component of 
([28]) yields 

(29) Y, ip(a + d)ip'(ad)ip(a- 1 db) = (beZ/p n Z). 

a,de(Z/p n Z) x 

We now distinguish according to the value of m. 
First case : m = n. Taking 6 = in (29), we have 

(30) Y, ip(a + d)ip ! (ad) = 0. 

a,de(Z/p n Z) x 

Let a e (Z/p n Z)* be the unique element such that ^'( a o) = ^(1)- 
Fixing a e (Z/p n Z) x , we have 



Y ip(a+d)ip'(ad) 

de(Z/p n Z) x 



p n 1 (p-l)ip(a ) if a = clq, 

-p n ' 1 ip( y a) if a = ao (p n_1 ) and a + ao, 

ifa^a (p n_1 ). 



Now summing over a, we get 

=p n-i(p_i)^( ao )_ p n-i 



a^a (p"- 1 ) 



a=a (p n_1 ) 

If n = 1 (resp. n > 2) then this equality reads pip(ao) + 1 = (resp. 
p n ip (ao) =0), which gives a contradiction. 
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Second case : m < n. Making the change of variables d = ca in (29), 
we get 

(31) £ ip((l + c)a)^'(ca 2 )^(cb) = 0. 

a,ce(Z/p"Z) x 

Fix ao e (Z/p m Z) x and consider first the sum over all a e (Z/p n Z) x 
such that a = ao (p m )- It is zero except possibly when 1 + c = (p n ~ m ). 
Putting c = -1 + kp n ~ m with k e Z/p m Z, we get 

(32) £ ^(fcp n - m a)^'((-l + A;p n - m )a 2 )^((-l + kp n - m )b) = 0, 

A,-eZ/p m Z 
aoe(Z/p m Z)* 
a^a (p m ) 

which simplifies to 

(33) X! V(^ m (ao + fe))^'(-ao)^'(^ ma o) =°- 

fceZ/p m Z 
aoeCZ/j^Z)* 

Let m e (Z/p m Z) x be the unique element such that ip'(l) = tf)(p n ~ m u). 
The equality (33) can be rewritten 

(34) Y, ^'(-a 2 ) E *P(kp n - m (a + b + p n - rn ua 2 )) = 0. 

ae(Z/p m Z)* keZ/p m Z 

Lemma 5.1. ITte map a : (Z/p m Z) x -> (Z/p m Z) x defined by h(a) = 
a + p n ~ m ua? is a bijection. 

Proof. Let a, a' e (Z/p m Z) x such that a + p n ~ m wa 2 = a' + p n -"W 2 (p m ). 
In particular a = a' (p), and an easy induction gives a = a' (p e ) for 
every 1 <£ <m, so that a = a'. □ 



The inner sum over in (34) vanishes except when 6 = -h(a), in 
which case it is equal to p m . Thus taking b = -h(i), the equality ( pi) ) 
reads p m ifj'(-l) = by Lemma 5.1, a contradiction. 

6. The ramified case 
In this section we assume v p (N) = 2n + 1 with n > 1, so that c = 



pl-n 



. Note that ^(tr(cx)) = ijj(p l ™tr'x) where the function 



tr' : Kq -> Z p is defined by tr' ^ j = /3 - 7. So we fix characters 

■0,^' : Qp C x of respective levels n,m with 1 < m < n, and we wish 
to prove that 

(35) T(£, V, 0') := ^ V(tr' x)0'(det x)|(a;) 

xeK /K 2 „ 

is non-zero. Assume the contrary. 
We have explicitly 

/IVJIZ PHIZ \ 

\ p [ 2J + i Z p 1 +P 1 2 IZp/ 
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Moreover, we have an isomorphism of groups 

K ri /K 2 „-(z/pLfJ Z ) 2 ©(z/j9rfiz) 2 



pLaJ +1 ^ l + pi" 2I J 



(a, 5,/?, 7). 



Let ?/ e K n . Multiplying T(£, ■?/>, ■?//) on the right by 1 ), we get 

(36) £ ^(tr / (xy))^ / (det(xy))e» = 0. 

If we fix x e -K"o ; then the map $ x : K n /K2 n -*■ C x defined by 

(37) ^(tr'(xy))^(det(xy))=V(tr'x)^'(detx)$ a: (y) (y € j*T n ) 
is a character which depends only on the coset xK n . 

Lemma 6.1. The characters (Q x )xeK /K n are pairwise distinct. 

Proof. If x = e K and y = e K n , an explicit 

computation gives 

(38) ® x (y) = ip(at + bv-cs-du)ip'((ad-pbc)(s + v)). 



(a' b'\ 
, ^, I € K such that $ x = <3V. By (38), we already get 



a,<i = a',d' (j/^). Let A € (Z/p m Z) x be the unique element such that 
f/>'(l) = ip(p n ~~ rn \). It remains to prove that the map 

(39) / iM :(Z/ J 9LfJz) 2 -(Z/pLfJ Z ) 2 

(b, c) >-» (b + p n ~ m \(ad - pbc),-c + p n ~ m \(ad - pbc)) 

is injective. Assume h ai d(b,c) = h a ,d(b',c'). Then b - p n ~ m+1 \bc = 
b'-p n - m+1 Xb'c' (pLf J) andc+p n - m+1 A6c = c / +p n - m+1 A6'c / (p L tJ). In par- 
ticular 6, c = 6', c' (p) and an easy induction gives 6, c = 6', c' (^2 J). □ 



Fix xo e -ft'o- If we multiply (36) by § Xo (y) and sum over y e K n /K 2n , 
we get 

(40) £ ^(y) £ V(tr'x)^(detx)$ !E (y)e(x) = 0. 

yeK n /K 2n x£K /K 2n 

According to Lemma |6.1[ this simplifies to 

(41) Y, ip(tr'x)ip'(detx)£(x) = 0. 

71 

In other words, for every i e K we have 

(42) £ *-o(y)fty) = o. 

2 n 
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Fix do, do g (Z/p' 2 lz) x . We sum (42) over all matrices x e K /K n 
of the form xo = ^ j. Letting y ^^p'y' 5 1 + we com P u t e 

(43) £$x (y) = £ ip(a o t + dou)ip(h aO;do (b ,c o ) ■ (v,s)) 

X ° 6 ,c eZ/p L S J Z 



where h a0)do is the map of (39). Since h aQi d is bijective, we get 
Y,®x (y) =4>(a t + d u) Yj ?P(b v + c s) 

X ° b ,coeZ/p L tJz 

_ Jp 2 Lf J^(a t + d w) if s = u = (p n ) 
[0 otherwise. 

So for any a ,d e (Z/p^flz) x , we get 



(44) £ V(ao* + dou)q^ J)=0. 



As in section 
direct sum oft 



/0 1\ 

\p or 



the restriction of £ to iV = [J ^ p j is isomorphic to the 

le characters of Z p of level n. Conjugating by the matrix 

the same is true for the restriction of £ to N' = | i ? | . For 

\pZ p 1 j 

any t, u £ p^^Z/p n Z, the matrices |j M and f ^ commute. By 

simultaneous diagonalization, there exists a nonzero vector v in the 
space of £ and primitive characters a;, a;' : Z/p^Z -> C x such that 

(45) eL t H u pl fU(tV(^ (t,tt6Z/ P rsiz). 

We may write the characters uj,uj' as w(t) = ^(pLfJaot) and lo'(u) = 
ifj(p^^dou) for some do, do e (Z/p^^Z) x . For this choice of do, do, the 
identity ((ill) evaluated at t> gives a contradiction. This finishes the 



proof of Theorem 0.2 



7. Numerical investigations 



We now report on the computations which led to Theorem |0.2[ For 
all elliptic curves of conductor < 2000, we computed the ramifications 
indices of the modular parametrizations at all cusps using Pari/GP 
|14j . Since we have no theoretical formula for the ramification index at 
a cusp in general, we just compared numerically log |/| and log \q\ in the 
neighborhood of the given cusp. This method is of course not rigorous, 
but it gives good results in practice. We ended up with a list of 745 
isogeny classes of elliptic curves for which the modular parametrization 
seemed to ramify at some cusp. We then observed and checked, with 
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the help of Magma [2], that for each curve in this list, the associated 
newform was not minimal by twist. 

In Table 1 below, we give all instances of ramified cusps for elliptic 
curves of conductor < 200. We restrict to the cusps k with d 2 \N. In the 
last column, we indicate the minimal twist of the newform. Note that 
this minimal twist need not have trivial character. For example, the 
minimal twist of 1626 and 162c is a newform of level 18 and non-trivial 
character, which we just denote by "18". 



Isogeny class 


d 




Minimal twist 


48a 


4 


2 


24a 


64a 


8 


2 


32a 


80a 


4 


2 


40a 


806 


4 


4 


20a 


112a 


4 


2 


566 


1126 


4 


2 


56a 


112c 


4 


4 


14a 


144a 


112 


4 
4 


36a 


1446 


112 


2 
2 


24a 


1626 


9 


3 


18 


162c 


9 


3 


18 


176a 


4 


2 


88a 


1766 


4 


4 


11a 


176c 


4 


4 


44a 


192a 


8 


2 


96a 


1926 


8 


2 


96a 


192c 


8 


4 


24a 


192d 


8 


4 


24a 



Table 1. Ramified cusps for conductors < 200 



Note also that being minimal by twist is far from being a necessary 
condition in order for the modular parametrization to be unramified at 
the cusps. For example, the isogeny class 45a, which is a twist of 15a, 
has a modular parametrization which is unramified at the cusps. 

In all cases we computed, the following properties seem to hold : 

(1) Ke v (i) is even then v 2 (d) e {2,3,4} and v 2 (N) = 2v 2 (d); 

(2) If e^(i) is divisible by 8 then v 2 {d) = 4 and v 2 (N) = 8; 

(3) If e v \\) is divisible by 3 then v 3 (d) = 2 and v 3 (N) = 4. 

These observations are consistent with the following theorem of Atkin 
and Li [U Thm 4.4.i)] : if / e S 2 (To(N)) is a newform and v p (N) is 
odd, then / is p-minimal, in the sense that it has minimal level among 
its twists by characters of p-power conductor. 
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Looking at elliptic curves whose conductor is highly divisible by 2 
or 3, we also found examples of higher ramification indices. These 
are given in Table 2 below. In this table, we also give examples of 
ramified cusps in the case N is odd. In all examples we computed, the 
ramification index seems to be a divisor of 24. This may be related to 
the fact that the exponent of the conductor of an elliptic curve at 2 
(resp. 3) is bounded by 8 (resp. 5). It would be interesting to prove 
this divisibility in general. 



Isogeny class 


N 


d 




405c 


3 4 -5 


9 


3 


7686 


2 8 -3 


16 


8 


8916 


3 4 • 11 


9 


3 


1296c 


2 4 -3 4 


36 


6 


1296e 


2 4 -3 4 


36 


12 


20736c 


2 8 -3 4 


144 


24 



Table 2. Higher ramification indices 
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